In this work, we provide su cient conditions ensuring the existence and uniqueness of an Eberlein weakly almost periodic solutions for some semilinear integro-di erential equations with in nite delay in Banach spaces. For illustration, we provide an example arising in viscoelasticity theory.
Introduction
In this work, we study the existence and uniqueness of an 
where A : D(A) → X is the generator of an immediately norm continuous C −semigroup de ned on a Banach space X and f : R × X → X is continuous. Under appropriate assumptions on the scalars α, β, the operator A and the forcing function f we prove that the equation ( ) has a unique bounded mild solution x(.) which behaves in the same way that f does. Precisely, we give conditions implying that x(.) is Eberlein weak almost periodic if f (. , x) is Eberlein weak almost periodic for all x ∈ X. Integro-di erential equation becomes now an interesting eld in dynamical systems and have many applications in physical systems, like viscoelasticity of heat conduction with memory, and in such applications the operator A typically is the Laplacian in X = L (Ω). The exponential kernel αe −βt is the typical choice when one consider Maxwell materials in viscoelasticity theory. More details about this integro-di erential equation and its several applied elds can be fond in [9, 23, 29] and the references therein. The problem, of existence and uniqueness of periodic, almost periodic, almost automorphic and pseudo almost periodic solutions for the type of nonlinear evolution equations ( ) has been extensively studied in the literature; see [10, 12, 13, [20] [21] [22] [24] [25] [26] [27] [28] and references therein.
The organization of this work is as follows: in Section 2, we recall some preliminaries results on Eberlin weakly almost periodic functions. In section 2, rstly, we prove the existence of an Eberlin weakly almost solution for nonhomogeneous linear equations, secondly, we prove the existence and uniqueness an Eberlin weakly almost solution of nonlinear equation by using the strict contraction principle. Last Section is devoted to some illustration, we propose to study the existence and uniqueness of an Eberlin weakly almost solution for some model arising in viscoelasticity theory
Eberlein weakly almost periodic functions
Let (X, · ) be a Banach space, B(X), C(R , X) and BC(R , X) denote respectively the space of bounded linear operators from X to X, the space of continuous functions from R into X, and the space of bounded continuous functions from R into X, respectively. Note that (BC(R , X), · ∞) provided with the sup norm
The concept of almost periodic function was introduced by Bohr [6] in by a criterion of Bochner [5] , we say that a function f ∈ BC(R , X) is almost periodic, if its orbit given by:
is relatively compact with respect to the uniform topology of the sup-normed Banach space BC(R , X). The canonical weakening of the above de nition leads to the notion of Eberlein-weakly almost periodic functions, as done by Eberlein [8] in : a function f ∈ BC(R , X), is said to be Eberlein-weakly almost periodic, if the orbit of f is relatively compact with respect to the weak topology of the sup-normed Banach space BC(R , X). For the sequel, AP(R , X), W(R , X) and WRC(R , X) will denote the space of all almost periodic X-valued functions, the space of all Eberlein-weakly almost periodic X-valued functions and the space of all Eberlein-weakly almost periodic X-valued functions with a relatively compact range respectively. The concept of Eberlein-weak almost periodicity, is then larger than almost periodicity in the sense of Bochner. Obviously we have
The concept of Eberlein-weak almost periodicity is especially useful in harmonic analysis, (cf. [8, 17, 30] ), in the theory of topological semigroups, where we only cite the book of Berglund, Junghenn and Milnes [4] , and, more recently, in di erential equations [1] [2] [3] [31] [32] [33] . In [14, 15] Deleeuw and Glicksberg proved that, if we consider the subspace of Eberlein-weakly almost periodic functions, which contains zero in the weak closure of the orbit (weak topology of (BC(R , X), · ∞), namely:
Then every Eberlein-weakly almost periodic function f is represented uniquely by the form f = f a + f , where f a (the principal term) is an almost periodic function and f (the W -perturbation) is in W (R , X). Moreover,
For a more details on the decomposition and the ergodic results we refer to [19] , and [34] . In order to prove the weak compactness of the translates, Ruess and Summers extended the double limits criterion of Grothendieck [18] to the following form: The above result is the main working tools to prove the weak almost periodicity.
In order to give su cient conditions for the existence of Eberlein weakly almost periodic solutions to semilinear integro-di erential equations, we need the following de nition, where (D , τ ) is assumed to be a topological space.
De nition 2.2. A continuous function f : R × D −→ X is said to be Eberlein weakly almost periodic in t uniformly with respect to x in D if the following are true:
is continuous.
For the sequel, W(R × D , X) denotes the set of such functions.
Proof. In order to prove that
is Eberlein weakly almost periodic, by proposition (2.1), we have to verify that for given sequences (wn
whenever the iterated limits exist. Assuming that the iterated limits exist and by the fact that we only have to prove the equality of them, we may pass to subsequences for the veri cation.
], we recall, that the weak topology on weakly compact subsets in separable Banach spaces is a metric topology. Noting that continuous images of separable spaces are separable, we obtain span{x(R)}, is separable, hence the weak topology on K := x(R) σ is metric, where σ denotes the weak topology. Thus without loss of generality, we may assume that (x(tm + wn)) n,m∈N satis es the double limits conditions. Let x ∈ K be the double limit. We de ne:
Since t −→ f (t , x ) is Eberlein weakly almost periodic, without loss of generality we can assume that (an,m) n,m∈N satis es the double limits condition. Let a ∈ R be the double limits.
We have
From the convergence of (an,m) n,m∈N and (bn,m) n,m∈N , we derive that for every ε > , there exists n ∈ N, such that for all n ≥ n , there is an m n , such that
Using the double limits condition of the sequence (x(tm + wn)) n,m∈N , for a given η there exists n ∈ N, such that for all n ≥ n , there is an m n , such that d(x(tm + wn) , x ) < η, for all m ≥ m n . From the continuity of the map
for ε > , we nd a η > , and according to the previous remark, there is an n ∈ N, such that for all n ≥ n , we found an m n , with
This yields |b − a| < ε, and hence b = a. Noting that the same routine works for the interchanged limit of (bn,m) n,m∈N , the theorem is proved.
Corollary 2.4. Let, for a Banach space Y , D = (Y , . Y ), and f ∈ W(R × D , X). Then, for any given x(.) ∈ W(R , Y) with a relatively compact range, {t → f (t , x(t))} ∈ W(R , X). Moreover, if f ∈ WRC(R × D , X), t → f (t , x(t)) is Eberlein weakly almost periodic and its range is relatively compact..

Proof. We apply the previous theorem to K := x(R)
.
, since (K , σ) = (K , . ). For the second part, it remains to prove the compactness of {f (t , x(t)) : t ∈ R}.
Thus for a given sequence (tn) n∈N , we have to nd a subsequence (tn k ) k∈N such that
is convergent in X. Since x(.) has compact range, without loss of generality we can assume that
For this x ∈ Y , we have choose a subsequence such that
for some y ∈ Y . From the continuity of ρ {x(t) : t∈R} , we obtain
uniformly on R. Thus
and the proof is complete.
Eberlein weakly almost periodic solutions integro-di erential equations in Banach spaces
Now, to equation (1), we associate the following Cauchy problem:
where A is the in nitesimal generator of C −semigroup on X. In the sequel, We say that a solution of (2) is uniformly exponentially bounded if for some ∈ R, there exist constants ω > , M ≥ such that for each x ∈ D(A), the corresponding solution x satis es:
In particular, we say that the solutions of (2) are uniformly exponentially stable if (3) holds for some ω > , M ≥ .
De nition 3.1. A function S : R + → B(X) strongly continuous is said to be immediately norm continuous if S : ( , ∞) → B(X) is continuous.
The following results are taken from ( [7] ).
Theorem 3.2. Let α ≠ , β > with α + β > be given. Assume that (H ) : A generates an immediately norm continuous C −semigroup on X;
(H ) : sup{Re(λ), λ ∈ C : λ(λ + β)(λ + α + β) − ∈ σ(A)} < .
Then, the following are true 1. For each x ∈ D(A), the equation (2) has a unique solution x(.). 2. The solutions of the equation (2) are uniformly exponentially stable.
In the sequel, we study the existence and uniqueness of an Eberlein weak almost periodic solution for the following nonhomogeneous equation:
where α, β ∈ R and A generates an immediately norm continuous C −semigroup on a Banach space X and f : R → X is a continuous function satisfying some additional conditions that will be de ned in the next. As a consequence of theorem (3.2), we have the following result where we deduce that it is possible to construct for (4) a strongly continuous family of bounded and linear operators, that commutes with A and satisfy the resolvent equation, more details, we refer to [29] .
Theorem 3.3. Let α ≠ , β > with α + β > . Assume that (H ) and (H ) hold. Then, there exists a uniformly exponentially stable and strongly continuous family of operators (U(t)) t≥ ⊂ B(X) such that 1. U(t)D(A) ⊂ D(A), ∀ t ≥ .
U(t)Ax = AU(t)x, ∀ t ≥ , x ∈ D(A).
U(t)x = t κ(t − s)AU(s)xds, ∀ t ≥ and x ∈ X,
where κ(t) := + α β
Proof. Let t ≥ . We de ne the operator U(t) by:
where x(.), is the unique solution of (2) such that x( ) = x. We have that t → U(t)x is di erentiable and satis es
From Fubini's theorem we found that : 
. Under assumptions (H ) and (H ), if f : R → X is a bounded continuous function, then equation (4) has a unique bounded mild solution x(.) on R which is given by
where (U(t)) t≥ is given in Theorem (3.3) .
Proof. Since U satis es the resolvent equation
( − e −βt ), t ≥ . We have that κ(.) is di erentiable and the above equation shows that for
Its remains to prove that u is a mild solution of equation (4). Since A is a closed operator, using Fubini's theorem, we have
Note that, if u(t) ∈ D(A), ∀ t ∈ R, then a mild solution is a strong solution.
Theorem 3.5. Under assumptions (H ) and (H ), if f is Eberlein weakly almost periodic with a relatively compact range. Then equation (4) has a unique bounded solution in WRC(R , X).
For the proof, the following lemma is needed.
Lemma 3.6. Let (fn) n∈N ⊂ BC(R , X). Assume that there exists a compact set K in X such that
{fn(t) : n ∈ N and t ∈ R} ⊂ K,
and fn in BC(R , X). Then fn(.) in BC(R).
Proof. Firstly, we show that the set { fn(.) : n ∈ N} is weakly relatively compact in BC(R). Thus, from proposition (2.1), for given sequences (n j , tm) j, m∈N ⊂ N × R, we have to verify the following identity : lim
whenever the iterated limits exist. Since {fn j (tm) : j, m ∈ N} ⊂ K, a diagonalization argument gives us subsequences, such that the iterated limits exist for the sequence (fn j k (tm l )) k, l∈N . By the fact that we only have to verify the equality of the iterated limits, we may pass to these sequences. In order to avoid subindices, we may assume that the iterated limits exist for (fn j (tm)) j, m∈N . The characterization of weak compactness gives that Since the convergence holds in norm, we proved that { fn(.) : n ∈ N} is weakly relatively compact in BC(R).
Using that limn→∞ fn(.) = a standard trick of topology gives fn(.) in BC(R).
Proof. (of theorem) According to lemma (3.4), the only bounded mild solution of equation (4) is given by We have to show that α = β.
Noting that only equality of the double limits has to be shown, we pass to subsequences. Since every Eberlein weakly almost periodic function is uniformly continuous, hence t → f t is strongly continuous on R. Nothing that continuous images of separable spaces are separable, we obtain Y f := span{f (R)} is separable. As from [16] , we recall, that the weak topology on a weakly compact subset in a separable Banach space is a metric space. We deduce that the weak topology on O R (f ) σ is metric, where σ denotes the weak topology. As a consequence, we may pass to subsequence (wn k ) k∈N of (wn) n∈N , such that the limit of (fw n k (.)) k∈N exist in the weak topology of BC(R , X), and without loss of generality, we may assume that fw n g where g ∈ W(R , X) has a relatively compact range. Then, wee have that
Thus,
The uniform boundedness of the sequence of linear maps,
and the fact that lemma (3.6) applies to fw n − g(.), leads to fw n − g(.) BC(R). By going over to appropriate subsequences, we can assume that the iterated double limits for (an, m)n, m∈N exist. Since they coincide, they have to be zero. By the triangle inequality we nd,
Starting with lim k→+∞ , lim m→+∞ , at last lim n→+∞ we obtain α = β, which proof that x(.) ∈ W(R , X). it remains to prove the compactness of {x(t) : t ∈ R}.
Thus for a given sequence (tn) n∈N , we have to nd a subsequence (tn k ) k∈N such that (x(tn k ) k∈N is convergent in X. Since f (.) has compact range, as a consequence of lemma (3.6), we may pass to subsequence (tn k ) k∈N of (tn) n∈N , such that the limit of (f tn k (.)) k∈N exists in the weak topology of BC(R , X), and without loss of generality, we assume that f tn g with g ∈ WRC(R , X) and
hence
Consequently, by using remark (5), we deduce the desired result.
In the next, we study the existence and uniqueness of solutions in W(R , X) for equation (1) .
Theorem 3.7. Assume that (H ) and (H ) hold. Let f ∈ WRC(R× X , X) satisfy the following Lipschitz condition
For x (.), x (.) ∈ WRC(R , X) and t ∈ R we have
Using the contraction principle, we get that K has a unique xed point x(.) in WRC(R , X).
Example
For illustration, we propose to study the following partial di erential equation involving in nite delay:
e −(t−s) ∂ u ∂x (s , x) ds + f (t , u(t)) for x ∈ [ , π], t ∈ R u( , t) = u(π , t) = for t ∈ R. (6) can be written into the abstract form (1) with α = β = . It is well known that A generates an immediately norm continuous C −semigroup (T(t)) t≥ on X = L [ , π] and σ(A) = {−n : n ∈ N}. Since we must have λ(λ + β)(λ + α + β) − ∈ σ(A). We have to solve the equations λ(λ + ) λ + = −n , obtaining (see [7] ) λ = − ± i, λ = − ± i , and λn = −(n + ) ± (n − ) − ≤ − , ∀ n ≥ .
We conclude that sup{Re(λ), λ ∈ C : λ(λ + β)(λ + α + β) − ∈ σ(A)} = − < .
Hence, by theorem (3.2), there exist M, ω > such that U(t) ≤ Me −ωt , ∀ t ≥ and from Theorem we obtain that if f ∈ WRC(R × X , X) satis es f (t, x) − f (t, y) ≤ k x − y, for t ∈ R, and x, y ∈ X, where k < ω M , then equation (6) has a unique mild solution in WRC(R , X). In Particular case, if f (t , ρ)(s) = b(t) sin ρ(s),for all ρ ∈ X, t ∈ R with b(.) ∈ WRC(R , X), then t → f (t , ρ) belongs to WRC(R , X), for each ρ ∈ X, and we have that
Then, we deduce that equation (6) has a unique mild solution in WRC(R , X) provided that b ∞ is small enough.
